A one-dimensional model is derived in order to study how the elasticity (internal elastic energy) of visco-elastic and elasto-plastic materials, such as biopolymers (muscles and grain our dough) or metals, changes due to the action of external forces. For such materials, the model takes the form of an initial-boundary value problem, corresponding to Newton's second law, which is coupled to an auxiliary (stress-strain) state equation which characterizes the nature of the interaction between the material and the external forces. In the oscillatory loading of muscles and the mixing of grain our as well as of the fatiguing of metals, the state equation must model how the stress depends on the earlier history of the strain as well as describe how the material gains or loses elastic energy due to the action of the loading. One is thereby led to model the auxiliary stress-strain relationship as a constitutive relationship involving a Duhem-Madelung hysteresis operator.
Introduction
In the study of the macroscopic rheology of polymers and biopolymers, such as muscles and grain our dough, as well as metals, a key aspect is the quantication of how such materials accumulate stress during oscillatory loading. But, this leads naturally to a need to draw a clear distinction between the rheological properties of a material at some speci c instant of time (such as the rheology of a speci c grain our dough at a particular stage of mixing) and the manner in which that material obtains its rheological properties in some industrial (manufacturing) process (such as mixing). For example, within the context of metal fatigue (cf. Fuchs and Stephens 6], Section 3.2), the need for such di erentiation has been acknowledged ever since the seminal work of Bauschinger 2] of 1886 who showed that the stress-strain behaviour obtained from a monotonic tension or compression was not necessarily the same as that obtained during oscillatory loading (cf. Mughrabi 12] ).
Consequently, if one wishes to determine the current rheological properties of a given material, one must make a choice between the following two alternatives:
(a) Design and perform experiments which only change that rheology in a very minor way as a result of the experiment. For example, oscillatory shear measurements (Bird et al. 3] ; Chapter 3) are normally performed on a material only when the material is in a state for which such measurements will only cause an insigni cant change in its rheology. The application of such measurements to an under-developed grain our dough will yield misleading results about its rheology at the particular stage of the mixing at which it was sampled. Even the application of standard rheological instrumentation to grain our dough must be performed with due care (cf. Meissner and Hostettler 11] ), if the results obtained are to truly re ect the nature of the rheology under examination.
(b) Derive and solve mathematical models which simulate how the rheology of a given material changes during a particular experiment. Such models must encapsulate, in some appropriate way, the interaction between the action of the experimental device and the material being examined. The clear advantage of this approach is that it allows naturally, in the experimental determination of rheological properties, for the way in which the material changes, due to the action of the experimental device, to be monitored and taken into account. However, the di culty with such an approach is the much greater complexity which it introduces into the mathematical modelling.
In this paper, the focus is on the oscillatory loading of visco-elastic and elastoplastic materials, since it can be viewed as simulating the mixing of a visco-elastic material, such as a grain our with added water and salt, or the fatiguing of a metal. In particular, the interest is in monitoring how the elasticity (elastic energy) of such materials changes during the oscillatory loading. Such understanding is central to the construction of models for the mixing of grain ours in the manufacture of breads, pastries and cakes (cf. MacRitchie 10] , Section VII.A), as well as the study of rubber elasticity (Treloar 17] ) and the dynamics of muscles (Thomas and Thornhill 14] ).
The starting point for the current deliberations is the fact that, in the types of situations alluded to above, the material accumulates (or loses) stress (energy) as a direct result of the oscillatory loading. This is a re ection of the fact that, as explained by Larson 8] , p. 6, \a uid material] possesses viscoelasticty if it is capable of storing elastic energy". Consequently, this accumulation can be monitored as the evolving instantaneous elasticity
where e (t) denotes the elastic stress and (t) the strain at time t during the oscillatory loading, since K(t) can be view as characterizing the accumulated potential energy stored elastically. In order to model such accumulation processes, a natural concept to exploit is that of a Duhem-Madelung hysteresis. Physically, a hysteresis is any cause-ande ect phenomenon where the e ect depends, in one way or another, on the history of the cause. Mathematically, a hysteresis (or hysteresis model) is any quantitative input-output relationship or structure with memory which has been constructed to model or approximate some physically occuring hysteresis (cf. Macki et al. 9] and Visintin 19] ). Examples of hysteresis phenomena include magnetism and the stress-strain behaviour of materials. The corresponding hysteresis models, constructed to approximate such phenomena, include, respectively, the Preisach and the Prandtl-Ishlinskii. In many situations, such as magnetism, the hysteresis phenomenon exhibits, at least approximately, a clear rate-independent behaviour. Consequently, though it is not essential to the de nitions, rate-independence is often assumed because it simpli es the mathematical treatment.
Thus, a hysteresis model is characterized by a memory-type relationship between some input function (t) and output function w(t), and can be represented as an operator W (cf. equation (1.5)), where the action of W on the cause generates the e ect w. The dependence of w on can be nonlocal, or even involve temporal derivatives of . Such properties are the source of the memory e ects which characterize hysteresis phenomena.
Since the stored elastic energy in a visco-elastic or elasto-plastic material is determined by the evolving stress-strain con guration within the material as it responds to the oscillatory loading, the starting point for the model formulation is the standard equations of motion along with an appropriate constitutive relationship involving a Duhem-Madelung hysteresis characterizing the accumulation of the elastic energy. For a rate-independent situation, they yield, among other possibilities (as explained in Section 2), the following coupled system of equations consisting of the one-dimensional linear momentum initial-boundary value problem de-ned by the partial di erential equation u tt ? w x ? u xxt = f in Q T := (0; 1) (0; T); (1:1) in conjunction with the initial and boundary conditions u x (x; 0) = u 0 (x); u t (x; 0) = u 1 (x); 0 x 1; (1.2) u(0; t) = 0; 0 t T; (1.3) w(1; t) + u xt (1; t) = P(t); 0 t T; (1.4) and the constitutive relationship which characterizes the material under consideration in terms of an equation indicating how the elastic stress w changes (accumulates) as the strain = u x varies, and takes the form of a DuhemMadelung hysteresis functional w(x; t) = W( (x; ); w 0 (x))(t); (1:5) where u = u(x; t) denotes the one-dimensional displacement in the material the length of which has been scaled to be 1, u 0 (x), u 1 (x) and w 0 (x) denote the initial state of the material, f = f(x; t) the body forces acting on the material in terms of how it is mounted in the experimental device, P(t) the loading applied to the material by the experimental device, and T the duration of the loading P(t). Similar systems of equations were investigated by Brokate and Sprekels 5], where W was a Lipschitz continuous Volterra operator in the space of continuous functions. A number of hysteresis functionals, such as \Hysteron of the rst kind", \Ishlinskii operator", \Preisach operator", have this property. However, the Duhem-Madelung hysteresis operator (or, in other words, the \Hysteron of the second kind") does not. The consequential di culty is the lack of a standard form of continuity for this operator in the space of continuous functions, which, in turn, complicates any examination of the asymptotic behaviour of the solution of the above system of equations.
The remainder of the paper is organized in the following manner. The formulation of the models, which simulate how the stress within a given material evolves during a loading experiment, is discussed in some detail in Section 2, while the relevant properties of Duhem-Madelung hysteresis operators are examined in Section 3. The existence and uniqueness results are derived in Section 4, and the global estimates in Section 5, which are then used in Section 6 to examine the asymptotics, for increasing time.
Model Formulation
For the construction of an appropriate oscillatory loading model, it is assumed that one has an experimental situation where a rectangular sheet of material is rigidly clamped at one end and is loaded at the other. For small displacements, the one-dimensional nature of such an experimental con guration leads naturally to the use of a one-dimensional model for the representation of the stress-strain processes involved.
For normalized mass, the corresponding linear momentum equation takes the form u tt (x; t) = x (x; t) + f(x; t); (2:1) where u(x; t) denotes the displacement, (x; t) the stress, and f(x; t) the body forces which the experimental con guration imposes on the rectangular sheet of material being tested. The standard subscript notation for di erentiation with respect to the time t and the spatial coordinate x has been used.
The actual macroscopic physics of the situation being modelled must be captured through the choice of an appropriate constitutive relationship between the stress and the strain (Larson 8] ). In the most general situation, one will have a constitutive relationship of the form ( ; ) = 0; (x; t) = u x (x; t); (2:2) where, implicit in this notation, it is assumed that the dependence of on and can involve their spatial and temporal derivatives. If this relationship is de ned implicitly in terms of the and by, for example, algebraic, di erential or integral equations, then the solution of this model reduces to the solution of the coupled system of equations (2.1) and (2.2) along with appropriate initial and boundary conditions (1.2)-(1.4). From the point of view of the subsequent deliberations, it is important to appreciate at this stage that the essential physics generates a coupled system of equations to be solved for the determination of the displacement u. Consequently, any simpli cation of these equations to a more compact form (e.g. a single equation) will only result when the physics of the situation allows this to happen, as will be outlined below.
Here, attention is focussed on situations where equation (2.2) has the explicit form = ( ); (2:3) where, implicit in this notation, it is assumed that the dependence of on can involve its spatial and temporal derivatives. The actual choice of must re ect the nature of the material under investigation.
One possibility is the classical Boltzmann model for visco-elasticity; namely, Another possible choice for the constitutive relationship is the classical (linear) di erential law (Renardy et al. 13] , Introduction) (x; t) = ( (x; t)) + ( t (x; t)); (x; t) = u x (x; t); (2:6) where models the elastic behaviour, as in the classical Boltzmann model, while models the viscous. It allows naturally for the stress to depend, in some complex manner, on the velocity of the strain as well as the strain. This is the type of constitutive relationship which is appropriate for viscous elasto-plastic materials where the elastic behaviour dominates the viscous as occurs in rubber and muscles. The choice between these two distinct classes of models can, in part, be made on the basis of how and when singularities in the initial data propagate (cf. Renardy et al. 13] ), since such behaviour can be related to the properties of the materials under investigation. In this situation, equations (2.1) and (2.6) combine to yield the following partial di erential equation for the displacement u u tt ? ( ) x ? (u xt ) x = f:
Depending on the circumstances, other choices for the constitutive relationship can be invoked, but they will not be pursued here.
The clear advantage of such models is that they allow one to examine the changing stress-strain pattern along the length of the sheet as well as its time evolution. However, at this stage, one must distinguish between two distinct loading situations as they in uence in a non-trivial manner the way in which the above models are subsequently interpreted and manipulated. In particular, one must distinguish between the following two distinct loading situations:
1. The load P(t) is a positive monotone function of the time t. Here, one has a situation where there is minimal exchange of energy between the experimental device and the biopolymer being tested.
2. The load P(t) is a positive oscillatory (but not necessarily periodic) function of the time t. Here, there will be a clear interaction and exchange of energy between the experimental device and the biopolymer.
In the former situation, the experiment simply examines the time evolution of the sheet, in terms of the displacement u, during the period that the load P(t) is applied. Experimentally, this corresponds to a rheological device where the load is applied by a caterpillar mechanism which draws the sheet past the position at which the load is applied (cf. Meissner and Hostettler 11] ). Thus, in such situations, the above models for the loading of the sheet should be interpreted as equations de ning the time evolution of the displacement u, and, consequently, they should be modi ed to re ect this fact by replacing the elastic stress term ( ) by its counterpart (u x ). In particular, if it is assumed that
where k and denote constant elastic modulus and viscosity, respectively, then equation (2.7) takes the form u tt ? ku xx ? u xtx = f:
(2:8) Clearly, such models are restricted to situations where the load and its duration are such that no major change in the mass of the sheet occurs during stretching. It is therefore not unreasonable to assume that the rheological properties of the material remain xed in such situations. A more general model, among other things, would have to incorporate a changing mass and volume of the sheet.
On the other hand, when the load is oscillatory, one has created an experimental framework in which one can study the accumulation of stress in the material through the action of the changing load, and, thereby, have an experimental procedure which can simulate the mixing of a biopolymer such as a grain our with water and salt. As mentioned above, such procedures are necessary for the development and identi cation of models of the mixing process. Now, however, the stress term ( ) no longer depend only on the action of the load P(t). It also depends on how the oscillatory nature of the load changes the elasticity of the material. Thus, in order to re ect this fact, one must work with a coupled system consisting of a momentum-type equation (such as equation (2.5) or (2.8)) and an equation = w(P; ) which de nes how the material accumulates its elasticity as a result of the cumulative e ect of the oscillatory loading.
There are two key reasons why such stress accumulation processes can often be viewed as having a \rate-independent" like behaviour. The rst is that the stress accumulation is characterized in terms of the elastic stress, and elasticity is a rate-independent process. The second and most important is that, for the mixing of biopolymers such as grain our dough and the oscillatory loading of muscles as well as the fatiguing of metals, the experimental evidence also supports this conclusion. In the case of muscles, explicit hysteresis curves have been determined and published (cf. Thornhill (2:9) The relation between the elastic stress w and strain = u x is taken to have the form of the Duhem-Madelung hysteresis functional (1.5).
Such coupled systems must be solved for initial and boundary conditions (e.g. equations (1.2)-(1.4)) which model the type of experimental situation under consideration; in particular, a situation where the loaded end of the sheet is rigidly clamped to the loading device which oscillates the clamp.
Duhem-Madelung Hysteresis Operators and Properties
For the Duhem-Madelung hysteresis model, the output can change its character whenever the input changes its direction (i.e. from increasing to decreasing, or vice versa The required Duhem-Madelung hysteresis operator W( ; w 0 ) is de ned in terms of its action w(t) on piecewise monotone continuous input functions (t) (i.e. the output w(t) which the operator generates when the input is (t)); namely, the unique solution of the following Cauchy problem: W( ; w 0 )(t) = w(t); In the special case where the curve f( (t); w(t)) : t 2 0; T]g is the boundary of a simply connected domain Q, the value of A (0; T) is, for negative spin, equal to the area of Q. In other words, the hypothesis H 3 ensures that the hysteresis loop Q has a clockwise orientation. Further details can be found in 7], Section 2.8. In Section 4, an energy inequality is established which requires a lower bound on the total work. The most physically realistic approach is to use the well-known thermodynamical inequality dA dU; (3:7) where U is a density of the internal energy. This inequality can be rewritten as the equality dA = dU + dD; (3:8) where D is a nondecreasing dissipation function (i.e. dD 0).
How are the functions U and D determined? Assume that U is a function of the state variables and w (i.e. U = U( ; w)). Then 
g ? (s)ds implies the inequality (3.12), there is no di culty in assuming that g ? (s) 0. Clearly, if (t) > s 2 ( or (t) < s 1 ) over some interval (t 0 ; t 00 ) (0; T), then A (t 0 ; t 00 ) = 0: Consequently, it is only necessary to consider input functions which satisfy s 1 (t) s 2 for every t 2 (0; T): Consider now a piecewise monotone input function u 2 C(T; T + 2) such that the curve (u(t); W(u; w(T))(t)) starts at the point ( (T ); w(T)) for t = T and ends at ( (0); w(0)) for t = T + 2; i.e. u(T) = (T ); u(T + 2) = (0) and (3.13) w(T + 2) = W(u; w(T))(T + 2) = w(0);
A u (T; T + 2) j j: (3.14) Then, for the function From the de nitions of w 0 and w T , it follows that W(u; w(T))(t) = w T (u(t)); t 2 (T; T + 1); w 0 (u(t)); t 2 (T + 1; T + 2):
The required property (3:13) is now an immediately consequence of the above properties of the functions w 0 ; w T and u. In addition,
which veri es (3:14) . This completes the proof of Lemma 3. Remark. The statement (3.24) is trivial for a monotone input function , since, in this case, w(t) w( (t)). If the function is oscillating and h ? < h + in G, then we get a strict inequality w(t) > w( (t)) after the rst change in the monotonicity of (see the proof of Lemma (3.2) ). This e ect corresponds to the abovementioned stress accumulation.
Proof of Lemma 3.2. Let us consider a piecewise monotone input function ; i.e. there exist t i 2 1 ; 2 ]; i = 1:::M, such that is monotone nondecreasing on (t i ; t i+1 ) for odd i; (3.27) is monotone nonincreasing on (t i ; t i+1 ) for even i: For i = 1, we have w 1 ( (t)) = w( (t)). Applying the condition (3.23) at the point t = t 2 , we obtain d ds w 2 ( (t 2 )) = h ? ( (t 2 ); w 2 (t 2 )) h + ( (t 2 ); w 2 (t)) = d ds w 1 ( (t 2 ));
and, therefore, w 2 (s) w 1 (s) = w(s) for s < (t 2 ); which together with (3.29) yields the inequality (3.24) on the interval 1 ; t 2 ]. Proceeding, in the same manner for i > 2, the statement of Lemma 3.1 can be established for piecewise monotone input functions e. The general case e 2 W 1;1 ( 1 ; 2 ) follows from the Lipschitz continuity of the operator W (see (3.6)).
Existence and Uniqueness
The starting point for the current deliberations is the transformation rst introduced by Andrews 1] , and subsequently utilized by Brokate and Sprekels 5]; namely, p(x; t) = Z x 1 u t (y; t)dy; q(x; t) = u x (x; t) ? p(x; t):
Using it and, without loss of generality, setting = 1, the system (1.1)-(1.4) can be rewritten as p t ? p xx = w + f 1 in Q T ; (4.2) p(1; t) = 0 = p x (0; t) for t 0; f(y; t)dy ? P(t) in Q T :
Introducing the notation (x; t) = p t (x; t), one obtains (4.14) v(1; t) = 0 = v x (0; t) for t 0; The next step is to prove that, for some T > 0, the operator L is a contraction, in the ball X T , with respect to the norm of (L 2 (Q T )) 2 .
It follows from (3.6) that j 1 (x; t) ? 2 (x; t)j = e ? t jw 1 Choosing T to satisfy the inequality := maxfC 2 ; C 4 g(T e T ) 2 < 1; it follows from (4.24) and (4.25) that, on the ball X T , the operator L is a contraction with constant . Consequently, the operator L has a unique xed point (v; ) in X T , which is also the required solution of the original problem The corresponding regularity for the functions ; w and e follows from the general theory of parabolic equations. This completes the proof of Theorem 1.
Global Estimates
Assume that Take h to be any constant which satis es the hypothesis H 2 , such that jq(x; 0)j < h; x 2 (0; 1). For a.e. x 2 (0; 1), q(x; ) and p(x; ) 2 C(0; T).
Consequently, for such x, the sets Q (x) := ft : q(x; t) > p M + hg are open, and p(x; t) + q(x; t) = (x; t) > h; w(x; t) ? w 1 0; q(x; t) > p M + h > 0 for t 2 Q + (x); p(x; t) + q(x; t) = (x; t) < ?h; w(x; t) ? w 1 0; q(x; t) < ?p M ? h < 0 for t 2 Q ? ( Proof of Theorem 3. In order to prove (6.6), consider the function (t) := R 1 0 2 (x; t)dx. Using the same arguments as for the function P 1 (t) in Theorem w(x; t) ? w 1 maxf 1 (t) + 1 (t); (t) + (t)g for every t > 0, a.e. x 2 (0; 1) . Applying a similar argument to Q ? (x) as that used for Q + (x), one nds that jw(x; t) ? w 1 j maxf 1 (t) + 1 (t); (t) + (t)g for every t > 0, a.e. x 2 (0; 1) . Because the functions and tend to zero as t ! 1, the functions 1 and 1 possess the same property. That completes the proof of the statement (6.6).
The property (6. Fix x 2 (0; 1). Then, for every positive ", one can choose t " > 0 such that jw(x; t) ? w 1 j < " for t > t " : (6:12) Assume that there exist sequences t n ! 1 and n ! 1 such that lim n!1 (x; t n ) =: 1 > 2 := lim n!1 (x; n ): (6:13) 
